We study the asymptotic behavior of L ∞ weak-entropy solutions to the compressible Euler equations with damping and vacuum. Previous works on this topic are mainly concerned with the case away from the vacuum and small initial data. In the present paper, we prove that the entropy-weak solution strongly converges to the similarity solution of the porous media equations in L p (R) (2 p < ∞) with decay rates. The initial data can contain vacuum and can be arbitrary large. A new approach is introduced to control the singularity near vacuum for the desired estimates.
Introduction
Compressible Euler equations with damping occur in the mathematical modeling of the motion for the compressible gas flow through a porous medium. The medium induces a friction force, proportional to the linear momentum in the opposite direction. Therefore, in a one-dimensional porous medium, the damped compressible Euler equations express the conservation of mass and the momentum balance as follows: Here ρ, u and P denote respectively the density, velocity, and pressure; m = ρu is the momentum and the constant α > 0 models friction. In this paper, we consider the polytropic perfect gas where P (ρ) = P 0 ρ γ , 1 < γ < 3, with P 0 a positive constant, and γ the adiabatic gas exponent. Without loss of generality, α and P 0 are normalized to be 1 throughout this paper. It is known that (1.1) is of the hyperbolic type with two characteristic speeds λ 1 = u − √ P (ρ) and λ 2 = u + √ P (ρ). Furthermore, (1.1) is strictly hyperbolic at the point away from vacuum where two characteristics coincide.
However, in the applications, Darcy's law is used to approximate the momentum equation in system (1.1), and thus we obtain ρ t = P (ρ) xx , m = −P (ρ) x , (1.3) where the second equation is the famous Darcy's law and the first equation is the well-known porous-medium equation. So, it is natural to expect some relationship between system (1.1) and system (1.3). In fact, we have the following conjecture; see [17] .
Conjecture. Time asymptotically, the system (1.1) is equivalent to the system (1.3).
The main focus of this study is to prove this conjecture. In this paper, we prove that the L ∞ weak-entropy solution with vacuum, selected by the physical entropyflux pair, converge, strongly in L p (R) with decay rates, to the similarity solution of the porous-medium equation, determined uniquely by the end-states and the mass distribution of the initial data. The restriction on the initial data is that both end-states are away from vacuum; see Theorem 1 below for details.
In the case away from vacuum, system (1.1) can be transferred to the p-system with damping by changing to the Lagrangian coordinates. The first result concerning the above conjecture is due to Hsiao & Liu [9, 10] for small smooth solutions away from vacuum based on the derivative estimates and the observation of [23] . Since then, this problem has attracted considerable attentions, see [8, 11, 12, 22, [24] [25] [26] 29] . However, all of these results are away from vacuum and/or require small smooth initial data. For more references on the p-system with damping, we refer to [3, 13, 14, 19, 31] .
When a vacuum occurs in the solution, the difficulty of the problem is greatly increased. The main difficulties come from the fact that such a problem involves three mechanisms: nonlinear convection, lower-order dissipation of damping and the resonance due to vacuum. The interaction of these three mechanisms makes this problem of both mathematical and physical significance. In addition to the shock formation, there is new singularity in our situation due to vacuum. In fact, Liu & Yang [20, 21] observed that the local smooth solutions of (1.1) blow up in finite time before shock formation. This implies the moving of the interface between the vacuum and the gas. Due to this new singularity, it is very difficult to obtain the solutions with any degree of regularity. This makes (1.1) difficult to understand analytically and makes the construction of effective numerical methods for computing solutions a highly non-trivial problem. Indeed, the only global weak solutions are constructed in L ∞ space by using the method of compensated compactness; see Ding, Chen & Luo [5] 
Here, the entropy-flux pair (η e , q e ) is associated with mechanical energy:
Without regularity of the solutions, the framework given by Hsiao & Liu [9, 10] is no longer applicable. Recently, Huang & Pan [15] first proved the conjecture above with vacuum in some sense by using the theory of compensated compactness, together with the entropy estimates and rescaling techniques. This method was developed first by Serre & Xiao [28] . However, the result in [15] is far from satisfactory. In fact, the results in [15] only give the L q loc (1 q < ∞) convergence of density in the solutions of (1.1) and (1.2) to the self-similar solution of the porous medium equation along the level curve of the diffusive similarity profiles. The large-time behavior of the momentum is not known. Furthermore, there are no decay rates in [15] . We will bridge these gaps in this current paper under the restriction that ρ ± are positive. For this purpose, the derivative estimates are required. As our solutions live in L ∞ space, it is hopeless to get derivative estimates since the derivatives of solutions are undefined. The hopeful estimate is an L p estimate for the solutions themselves. However, the conservation of mass in the system (1.1) indicates the existence of anti-derivatives for some quantities. If we consider the equations for these anti-derivatives, the first-order estimates in the original systems provide the derivative estimates for the new equations. With the help of this idea, Zhu [31] obtained the convergence for a damped p-system modeling the elastic materials, based on the energy method for wave equations in [9] due to the parabolic structure of the equations. However, this approach fails to solve our problem because of the degeneracy at vacuum. In the spirit of [31] , we explore the hyperbolicity of system (1.1) and employ the entropy analysis for (1.1) itself rather than the energy estimate for the wave equation. Detailed analysis on convection terms near vacuum helps us to establish the uniform estimates for the solutions. This estimate gives the strong convergence results with decay rates.
We state our main result now. Let (ρ(x, t), m(x, t)) be the L ∞ weak-entropy solution obtained by vanishing viscosity, and letρ(η) (η =
) be the similarity solution ofρ
(1.4)
We definem
where θ(x) is a smooth function with compact support such that
and
Here x 0 is the constant uniquely determined by the following equation:
Then we have the following results.
(1) Theorem 1 implies that the weak-entropy solution ρ(x, t) converges strongly in L P (R) towards the nonlinear diffusive profileρ as t → ∞. Furthermore, Theorem 1 also infers the strong convergence m(x, t) tom, which is not clear in [15] .
(2) Theorem 2 is valid for any L ∞ weak entropy solutions of (1.1) obtained by compensated compactness using a viscosity approximation. The estimates in Theorem 1 are independent of the choice of subsequences of approximate solutions. This is clear in our arguments.
Let us explain the basic ideas of this paper. First, we approximate the equations (1.1) and (1.4) by adding an artificial viscosity to get the smooth approximate solutions (ρ ε , m ε ), (ρ ε ,m ε ). Then, by careful entropy analysis and an energy method, we get some uniformly estimates for (ρ ε −ρ ε , m ε −m ε ). Finally, letting ε → 0, we get the desired results by the theory of compensated compactness.
The arrangement of the present paper is as follows. In Section 2, some knowledge on the porous-media equation and its approximation are prepared. In Section 3, the large-time asymptotic behavior is presented by an energy method, entropy analysis and the theory of compensated compactness.
Diffusive profiles and its approximation
Consider the following Cauchy problem for the porous-media equation (PME):
where, χ is the characteristic function and ρ ± are positive constants. Without loss of generality, we assume that 0 < ρ + < ρ − . It is clear that the PME is strictly parabolic if ρ > 0. The problem (2.1) has been extensively studied. We refer to [1, 2, 7, 16, 27] . In [15] , Huang & Pan have proved the uniqueness of weak solutions with L ∞ initial data for PME. Since the initial data is self-similar, the uniqueness theorem of [15] implies that ρ itself is self-similar, i.e., ρ(x, t) =ρ(z)(z =
), which satisfies
2)
The following propositions are due to [1] and [7] . 
Now let us approximate the equation (2.1) with viscositȳ
It is obvious that (2.3) has a unique solution which is self-similar and strictly monotone. It is easy to see that the following properties hold.
Proposition 2.2.
The self-similar solutionρ ε of (2.3) satisfies the following dissipative estimates:
where O(1) is a positive constant independent of ε. Furthermore,ρ ε strongly converges toρ as ε tends to zero, uniformly in ⊂⊂ R × (0, T ).
Energy estimates and decay rates
This section is devoted to the proof of Theorem 1. First of all, we have the following observations. 
Proof. It is easy to check that Lemma 3.1 holds when ρ > b > 0, while C 1 and C 2 depend on b. Thus, to prove Lemma 3.1, it is sufficient to prove it near vacuum.
Choose the constant σ = aP (a)
On the other hand, |F (ρ)| C. Therefore, there exists s > 0 such that the first inequality holds for any 0 ρ s. This proves the first inequality.
For the second inequality, we define
. Then, we have
Thus, there is r > 0 such that the second inequality holds for any 0 ρ r. We complete the proof of the second inequality.
Let us approximate system (1.1) by adding artificial viscosity with parameter ε > 0, i.e., with initial data
such that
It is easy to check that there is a global smooth solution (ρ ε , m ε ) with ρ ε > 0 for (3.1), (3.2) due to Diperna [6] . We note that for the homogeneous case of (1.1), the existence of weak-entropy solution is proved by Ding, Cheng & Luo [4] [4, 5, 18] , we can assume that as ε → 0, (ρ ε , m ε ) converges almost everywhere to (ρ, m) which is a weak-entropy solution of (1.1), (1.2); see [15] .
Let (ρ ε ,m ε ) be the smooth solution of (2.3) and
Then we have
Integrating the first equation of (3.3), we have
due to the fact that m ε (±∞, t) = e −t m ± . This yields
where x ε 0 is determined by
and satisfies x ε 0 → x 0 , as ε → 0. We remark thatρ andm decay exponentially. For convenience, we only prove the case for m + = m − = 0 in this paper. Other cases can be easily treated in the similar way.
Thus, we have
and we can define y = − On the other hand, since 
where we have used Propositions 2.1 and 2.2, Lemma 3.1, and the fact that
Thus, by choosing δ suitably small, we conclude that, from (3.4) and (3.7), there are positive constants C 4 , C 5 and C 6 such that
Let η ε e be the mechanical energy and q ε the related flux. We denote by η * the quantity
It is easy to check that
2 dx Cε, (3.11) due to the convexity of η ε e and entropy inequality. Integrating (3.11) over [0, t], we have
where we have used
We now make the Taylor's expansion of
ρ ε as follows:
where
due to the convexity of m ε 2 ρ ε . Therefore we have
we have
On the other hand, (3.14) implies
Thus, by(3.12), (3.15), (3.16) and Lemma 3.1, we have
Thus, from (3.18), we have
We multiply (3.19) by N = 2(C 4 + C 5 + 1) and add the result to (3.9), by choosing δ suitably small, we arrive at 
Proof. Due to the proof of Lemma 3.2, for any fixed T > 0, we know that, for 0 < t T ,
Since y x = −(ρ ε −ρ ε ), z = (m ε −m ε ), due to the convergence of ρ ε ,ρ ε , m ε and m ε , we have, letting ε → 0,
for any 0 t T . Then, a standard continuity argument implies Lemma 3.3.
We now prove the decay estimates. In fact, we have the following Lemma. 
Proof. Multiplying (3.11) by (1 + t) α , with 0 < α < 1 4 , we have
This gives
Integrating (3.22) over (0, t), we have
Since α < 1 4 , we have
By Lemma 3.2, we have, for sufficiently small δ,
By (3.13) and Lemma 3.2, we get
To obtain the decay rates, we need to analyze carefully the term
We note that
It is easy to see that
We compute
The terms on the right-hand side of (3.31) can be controlled as follows:
For the third term, we have
For the fourth term, we get Therefore Theorem 1 is proved by Lemmas 3.5 and 3.6.
